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PRELIMINARY REFORT ON AFSAM 9' DEPTH S1UDY

INTRODUCTION:

One of the greatest difficulties encountered in assessing the security
of cryptographic devices which operate on principles similar to that of the
AF3AM 9 is the determination of the probability of depth. It has been
possible to derive satisfactory a'! priori estimates of the probability of
depth for the class of structures wherein each setting has a unique pred-
ece;sor; e.g. the AFSAM 7. However, a' priorl estimates of the probability
of depth. are not at all adequate for structures, such as those generated
by the AFSAM 9, which are comprised not only of single points (i.e. settings
which have a unique predecessor), but also of critical points (e.g. branch
points and origins),

Thus the only practjeal means of ascertaining the incidence of depth
for structures containing critical points is by means of sampling. As to
what specific sampling procedures should be employed, there are obviously
very many theoretically sound procedures one could propose; however, whether
or not a particular sampling procedure is feasible will be largely determined
by the kind of high speed analytic equipment that is avallable,

In Part I of the report which follows ie given a description and
analysis of the sampling procedures that have been devised to determine the
incidence of depth for AFSAM 9 traffic together with a description of the
various types of statistics that can be secured by utilizing these pro-
cedures. In Part II of the report, the identification and evaluation of
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those notch pattern parameters, on which the incidence of depth depends,

are discussed,

Part 1
The sampling procedure which is currently being used in the study of

the AFSAM 9 structure utilizes the facllities afforded by PLUTO. Another
sampling procedure which will make use of ATLAS II is currently being
programued and will be ready for use in the mear future. The first half
of Part I will déecribe the PLUTO program., This will be followed by a
description of the ATLAS II program,

The sampling procedure on PLUTO is logically (but not chronologically)
esquivalent to the following steps:

(1) A quasi-random initial eetting is firet genereted (by & method

to be described later).

(2) With the wheels set to this initial setting, the AFSAM 9 is then
stepped through a message of length 5000, and the 5000 th setting is then
stored in a "memory."

(3) The wheels are now set to a now quasi~random initial setting,
and the device ig¢ then stepped through a second message., Each subsequent
sotting that is generated is compared with the sestting in the "memory."
The results of this comparison can be characterised by the following
figures, where Mind is the jth setting on the ith message:




M, M2 M M2 M, M4
e |
(k> 5000)
"1! 5m H]-’ 5m0 l l&, 5m Hz,k
M
"2. 5000 M2, 10000 2,10000
Case I Case I1 Case 11I a,b,

If there is a hit before the device has stepped more than 5000 times,
as in Case I, the first message is in depth with the second for at least one
setting, If there i1s no hit before the second message has been stepped
through 10,000 settings, as shown by Case II, the two messages are not in
depth.

(4) If there is a hit before the second mesdage has been stepped
through less than 10,000 settings, but more than 5,000 settings, as indicated
by Case III, the 5000th setting of the second message is then inserted in the
"memory," and each setting of the first message is now compared with the 50006h
setting of the second message, If there is a hit before the first message has been
stepped through 5000 settings, the two messages are then known to be in depth for

at least one setting.
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4
¥, 10000 X, 10000
Case III a Case III b
Depth No Depth

(5) 1If the l‘irst' and second messages are found not to be in depth, «
new quasi-random initial setting is generated and this jhird message is then com-
pared for depth with sach of the first two messages in the mammer outlined
in steps (1) through (4).

(6) Sampling according to the steps prescribed in (1) through (5) is
continued until soms message J 1s found to be in depth with soms message 1,
where j > 1. The "statistic J" thus obtained corresponds to the number of
messages that had to be sent in order to insure that the jth message was
the first one ylelding depth with any prior message sent in the same crypto~
period. If an adequate mumber of runs are made, say n, yielding the dis-
tribution of the j's, this statistic can then be utiligzed as a reliable
criterion to determine the amount of traffic load that the AFSAM 9 can

safely carry in any given cryptoperiod,
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In a similar fashion other types of statistics can also be obtained,
such as a statistic corresponding to the number of messages which have to be
gsent in order to insure that exactly k pairs ot messages be in depth for at
least r settings; or a statistic corresponding to the number of messages which
bave to be sent in order that k n-tuples be in depth for at least r settings.

The above sampling procedure was not feasible until Just recently, as
the time involved in obtaining a single statistic of the type j required
about 120 hours. The samplihg process has now been almost completely
automatized by devising a program which e'nables PLUTO to generate its own
"quasi-random" initial settings. At the present time PLUTO can obtain a
J statistic in about 45 minutes.

Concerning the sampling procedure currently being used on PLUTO, the
feature which 1s most likely to incur adverse criticism is the method by which
initial settings are generated. The initial settings of messages that are
to be used in obtaining an observed value of J are generated in the follow-
ing manner, In addition to the actual AFSAM 9 notch patterns, separate
randomly constructed notch patterns are inserted on the wheels W-2, W=3, W=5,
W-6, W-7 and will be referred to as the secondary patterns. The wheels are
now initially set to some randomly selected setting (designated here as the
primary setting) and stepped through message 1. After the fimal setting of
the message has been generated, the rules of motion of the AFSAM 9 are amend-
ed by the addition of the following rules:

1. W-l, W-2, W-5 and W-6 are delayed by the simultaneous occurrence
of a no-notch on the secondary pattern of W-5 and a no-notch on an auxiliary

5
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two point wheel which steps every time.
2, W-i is stepped by the occurrence of a notch on the secondary
pattern of wheel W ~ (i-1), where 4 = 3, 4, 7, 8,

The wheels are now stepped according to the amended rules of motion
for some fixed interval, say 10,000 steps. The 10,000 th setting arrived
at under the amended rulss of motion is now defined as the initial setting
for message .2, By making this procedure iterative, a set of initial settings
can thus be generated,

It is apparent that the above procedure will ultimately result in the
generation of a cycle, so that after a certain point in the iteration the
process will become periodic, There is therefore a limit to the number of
initial starts that can be generated by the above procedurs. Since it is
easy to ascertain at just what point the process bescomes periodic, this limit
is determined and is never exceeded.

Inasmuch as the AFSAM 9 notch patterns are held constant throughout
any given run, it 1s the secondary patterns and the primary setting which
determine what initial settings are used in securing & statistic. It is
therefore important that a new random primary setting and a new random set
of secondary patterns be selected for each statistic that is to be obtained,

In regard to the selection of the amended rules of motion referred to
in the aforementioned procedure for generating initial settings, the selectich
was not completely arbitary but was governed by the following factors:

(a) It is desirable that the amended rules of motion be easy to
implement on PLUTO,




(b) In comparison with the actual AFSAM 9 structure,. the
structure generated by the amended rules of motion should not be comprised
of a disproportionately large numbcr of confluences.

(c) 1t has been shown in [1] that the cycle structure of the
AFSAM 9 is comprised of 108 disjoint sets of structures, where the selection
of the initial setting of W-1, W-2, W~5 and W=6 determines which of the
structures is being used. It was desired that depth studies be confined to
a particular one of the 108 mutually exclusive sets into which the structure
of the AFSAM 9 can be resolved, rather than to study the entire structure.
Therefore, a set of amended rules of motion in order to be satisfactory must
maintain the relationship of the settings of W-1, W-2, W-5 and W~-6 necessary
to this chosen one of the structures.

Inasmuch as it 1s desirable that any method of generation of initial
settings simulate a random process, one would like to know if it is
statistically feasible to assume that the initial settings generated by
the procedure described above could arise hy random sampling from the
population at large. To determine whether or not the hypothesis that the
generated initial settings could have been obtained by random selection can
be statistically rejected, one could devise any number of tests to exhibit the
degree to which the method of generation of initial settings is characterized
by mathematical randomness. However, it should be pointed out that even
though one were able to reject statistically the hypothesis that the generated
initial settings are mathematically random, the method of generation might
still be acceptable, That is, a set of initial settings may fail to exhibit

1
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characteristics of mathematical randomness and yet be dispersed so
haphazardly over the entire AFSAM 9 structure that their use dues not
invalidate any statistical analyses pertaining to depth studies. All that
is required here as regards the conditions of selection of initial settings
is that there should be no marked element of preference or bjas that would
tend toward the inclusion or exclusion of certain local areas of the AFSAM 9
structure, '

Suppose, then, one were to compare several prominent characteristics
(such as precentage of frequesncy of occurrence of the structures, frequency of
incidence of certain entry points, expected length of lead~in for each of
several entry points) of the statistical picture of a particular AFSAM 9
structure obtained from N mathematically random initial starts with these
same characteristics of the statistical picture obtained from N initial
settings that have been generated by the method in question. If it were
found that in both cases these characteristics wers substantially the same,
it would then seem quite reasonable to regard the method of "pseudo-random"
generation as satisfactory for the pmirpose of depth study.

A comparison test of this type, tased on a sample of 1000 initial starts,
has been applied to one of the 108 sets of structures generated by the AFSAM 9
for an arbitrarily chosen set of notch patterns. The results of this test are
described in Appendix A.

The ATLAS II procedure involves a more direct approach to the solution
of the depth problem, simply by answering the questiocn, "How many messages
can be sent which will be in depth with a given message?® This number can
be found by reproducing that portion of the cycle structure which contains
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all paths leading into the given message and for which no path exceeds the
maximum message length, say 5000. In order to simplify the problem and thus
decrease machins time, the assumption has been made that the probability of
depth with an indicator system (restricting the number of possible message
starting points) is not significantly greater than the probability of depth
with no restrictions. At this writing there has beet’l no conclusive evidence
denying this assumption,

A more detailed description of the ATLAS program follows: In a manner
analogous to a cycle study, whereby a picture of a particular cycle structure
is desired, consider the message as a "cycle" of length 5000, The entry points
to this "cycle" are then all the branch points on the message together with the
initial or starting point of the message. Then the lead-imswill be the paths
taken by other messages such that depth occurs,

The method of obtaining this sub-structure is a two-phase procedure.

The first phase involves normal (forward) stepping of the device from some

setting M) to produce the message as far as setting Mgy The second phase
uses reverse (backward) stepping starting from the branch points and My and
continuing 5000 points or until an origin terminates the stream. This can be

shown graphically in the following diagram, where O represents an origin, B

a branch point: 90 0 5000
B \
4 B B .
MESSAGE ->» Msmo
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In order to simplify a description of the ATLAS procedure, consider
the following diagram, where an arc centered at {he message branch point is
drawn through each successive point in the structure (backward) such that a
point on arc A; is i settings removed from the message branch point,

MESSAGE
Two or more points on the same arc have in common the 3-~wheel CCM setting
contained in the AFSAM 9 setting. Furthermore, the motion of the remaining
five wheels proceeding from a branch point (neccessarily of multiplicity two)
in one direction is the complementary motion of the opposite direction., These
two statements constitute the baslis of the counting procedure, whereby successive

CCM settings account for the i associated with A along one stream {direction),
and the number of such streams f, intersecting or terminating on A4 is

£ 25 * B - 0y

where By 3 and 0, , &re the number of branch points and origins respectively
along Ay_j° Hence the totality of points in this sub-structure is

4999
T=L £, -
i=1

-
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If one calls the stream originating (backwards) from the message

"machine number 1", or my» then in determining the two predecessors of a
branch point, let the predecessor that is reached by moving W, (one of the

5 wheels not contained in the three CCM wheels) originate a new machine, mys
while the other predecessor will continue along ml. Continue this procedure

for each branch point. Then at some arc A; there will be £, machines still
active in the backward generation and counting procedure. Therefore the

procedure is first to move the CCM wheels; secondly (for each m;) to determine
whether the point is a single point, branch point or origin (simultaneously
finding the motion pattern); finally to move the wheels if necessary, If

my is at a single point, no "machine" change is necessary. A branch point
involves setting up a new "machine", while an origin causes that "machine"

to be made available for a new branch when needed.

The preceding paragraphs show how T, the total number of points from
which a depth of at least one can occur, is found. In general onw is looking
for Tp, the number of points ylelding a depth of at least D> 1:

' eI

Then the total sub-structure will give N, = L Tp + 5000-(D-1) points which
will result in a depth of D, where the summation is over

the entry points to the message, say My, where i < 5000~(D-1). Other tounts

to be tabulated are the number of branch points and or':lg:l.ns in the sub-structure,
Let the total number of points in the structure be designated by N. With

each of several sets of notch patterns, a sufficient number of runs will give

enough statistical data to yield p = Npsys which can be used to estimate the

11
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true probability of depth.
Part 1T

In any empirical approach to the problem of determining the incidence

of depth, the question quite naturally arises as to whether one should con~

" fine his study to several sets of notch patterns that have been deliberately
selected so as to amplify or exaggerate certain attributes of the notch
pattern population at large; or whether one should employ the msthod of randon

,I.selection. If enough information concerning the relation between the notch
pattern parameters and the genealogy of the AFSAM 9 structure is available,
the former procedure would seem to be the more expedient. It therefore is
‘desirable to devote some effort to the problem of identifying and evaluating
those notch pattern para.mgters of which the incidence of depth is a function,

The most important atiribute affecting the incidence of depth 1s the

number of branch points tiat are contained in the motion structure ge:;erated
by a set of notch patterns. Let N (B) be the function which relates the number
of branch points to the notch pattern parameters. The CCM sstiings distribute
themselves into three classes ¢f size (3&)3/3, since (21,15) = 3. Oue of the
criteria for a branch point is that W=3 be on a minus (~), Hence the number
of settings of the CCM which may yield branch points 1is (36)215/3 = 6480,
The 16 branch point patterns ori 5 wheels give

B, By Bgf k8, (15+0p) + kdg “5""27

where C, is the mumber of no-notches preceeded by no-notches (=) on W=-1. Hence




N (B) = 6480 B, B, By [éas (154C,) + 4By (15+csi].
- 25,920 B, B, By [Bs (30-B¢) +'Bg (30-8))]
= 51,80 B, B, B, [15 (B;+Bg) - Bg B, ]

In the above expression By (1 = 4,5,6,7,8) corresponds to the number of

blocks of which the notch pattern on wheel Wi is comprised. The number

of blocks is defined as one half the number of changes of sign, Because

of the criteria that are used in defining whether or not a given notch pattern
is an admissable one, N (B) is independent of the patterns on W-1, W=-2 and
W-3, and the B; are limited to the range of values 5 & B €15, It is
apparent that the function N (B) is maximized when:

(1) B, =B, =By =15

(2) B_ = 15 and/or B, - 15

5
and is minimized when:
(1) B, =5 (1 =456,7,8)
Therefore, the numbsr of branch points in any AFSAM 9 structure cannot
exceed 118,098,000,000; nor can the number of branch points be less than
2,1430,000,000. If the maximum mumber of branch points that is realigable
"4s defined as 100 percent saturation, it then follows that the totality of
branch points can never be less than 2,05 percent of saturation.
Statistics relevant to the incidence of depth which have been secured
for a particular set of notch patterns would be much more significant if
the probabllity with respect to a given notch parameter of selecting the
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set is known. For example, if a set of patterns is selected which generates a
structure with the number of branch points classified as L8-L9 percent
saturation, it would be very useful to be able to estimate the probability of
securing by random selection a set of patterns for which the number of branch
po'ints would have a classification which exceeds 49 percent saturation.
Because the degree of branch point saturation is the most important
attribute affecting the incidence of depth, it i1s expedient to devote some
time to the problem of deriving a probability distribution which can be used
to determine the probability of selecting a set of patterns for which the
degree of saturation is greater than x percent. Inasmuch as the number of
branch poi;xts is;, in terms of the notch pattern parameters, a function
only of the mmber of blocks, the problem of obtaining such a distribution
obviously entails a means of counting or estimating the number of admissable
notch patterns which have i blocks (5 €1 £ 15). The problem of securing
such counts 1s not exactly trivial, but could be programmed for ATIAS II.
However, the probability distribution for the population of patterns which
satisfy only that portion of the criterion of admissability which requires
that there be no mors than five contiguous notches or no-notches can be
obtained directly from known results obtained in a report by B. Harris,
NSA-31hk, "On the ~Numher of Cyclic Binary Patterns”. This distribution

appears on page number 15,
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Theoretical
i P(4) Regrou P(1 Frequency
b 0.
.'6 OIm .038 "8.
7 0.035 .
8 0.4 odbh 182,
9 0,282 o282 355.
10 0.294 294 370.
11 0.172 172 , 217.
12 0.058 058 72.
13 0.011
1 0.001 012 15,
15 0. 59

The working hypothesis was now made that the above distribution
for the population of patterns which are only partially admissible
does not essentially differ from the distribution for the population of
admissable patterns and could therefore be used to estimate the pro-

portion of admissable patterns which have i blocks. This estimate
was then incoprorated in to an ATLAS program to obtain the desired
probability distribution, which is given in Appendix B,

Empirical results which lend credence to the working hypothesis re-
ferred to in the preceding paragraph were secured in the following manner.
The distribution of the number of admissable patterns which have i blocks
was obtained for a previously constructed and available sample of 1258
fully admissable patterns. (For a description of the method by which
these admissable patterns were constructed, see reference mt the end of.
this report). This sample distribution together with the computation of

2
'x_ is given on page 16.

15
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2
i Regrouped £, P(1) (fo = f1) & £t
5
6 g] &7 037 021
7 b3 L
8 185 185 147 «OL9 *
9 359 359 285 +O0L5
10 1372 372 +296 011
11 195 195 155 2,230
12 83 83 +066 1.681

13 17}
14 0 17 014 6
15 0 ‘T‘éﬁ‘ 79

From a table of %2 it is seen that when the number of degrees of-fréedom
is 6 a value of x2 as great or greater than 4.779 would occur purely as a
result of chance in more than two out of three random samples. Therefore
the working hypothesis that distribution A is not essentially different from
distribution B is entirely consistent with the above results,.

An examination of the distribution in Appendix B shows that the
probability of securing by random selection a sst of admissable patterns having
a percentags of saturation greater than 50 percent is less than 0.,0005, 1If,
therefore, it were known that the only important atiribute affecting the
incidence of depth is the number of branch points comprising a structure,
statistics relevant to the incidence of depth could then be secured by the
procedures described in Part I for several sets of patterns having, say,
from L8 percent to 50 percent saturation. These statistics could then be
used as criteria to determine the amount of traffic load that can be safely
tolerated, since the probability of a situation arising for which these
saturation criteria are not satisfied would be less than 0,0005,

——
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The identification and evaluation of other notch pattern parameters
which affect the incidence of depth are therefore matters of practical
importance. Before attempting to identify any other pattern-paramsters which
might affect the incidence of depth, however, it is first necessary to

determine how the genealogical characteristics of a general structure of the

AFSAM 9 type are related to the incidence of depth. Those characteristics
of the structure which do significantly affect the incidence of depth may
perhaps then be expressed as some function of the pattern parameters, as has
already been done for the function N (B).

An investigation of the characteristics of a general structure revails
that there are three distinct types or classes of branch points. Those
branch points which have as their two predecessors (either immediate or
removed by one or more single points) two branch points are here classified
as type I. Those branch points which have as their two predecessors two
origins are classified as type 1I, and those which have as their two
predecessors one origin and one bran¢h point as type III.

In terms of these three classes of branch points, the two limiting
distributions for any tree comprised of N critical points are:

Distribution I Distribution II
N/2 1
N/2 'l
0
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(The configuration comprised of an n-cycle branch point together with its

entire associated off-cycls nstwork of predecessors is here ::e!'emd to as
2 "tres",)

From the illustrationd of two trees which are given below, it is
apparent that for structures comprised solely of critical points the
function F (P), corresponding to the probability of a pair of messages
being in depth, is maximized for the set of trees having the limiting
distribution I}

Distribution I: N = 32 Distribution II: N = 32

D ® & Gy D E

TYFE I TREE

TYPE 11 TREE
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The function ¥ (Py) has been formulated for the particular Distribution
I case for which N = 2x=

- 1~2
F (Pp) = %2 {[ﬁ (2) -11 N - (27 21"1}

In the above expression L is the length of the messags and ¥ is the weighﬁ
of the tree, 1.8, the total number of points or sattings of which the tiwes
is comprised. The function ¥ (Py) gives the exact probability of depth for
messages of length L when N isca power of two, and is & reasonably good
appmximtion for all other admissable values of N, (Trees having the
limiting distribution I require that N20 (mod &), while thoss having tho
limiting distribution II require that N=0 (mod 2)).

The corresponding function F (PII) has been formulated for all
admissabls values of N, and appears bslow:

F(pyp) =2 [1- (W2) -L” (m)]

It is epparent that when L = 2,

and that when L3> 3, F (P)) > F (P;). Moreover; when L is approximately
50 ox more and N >> L, the ratio

Lﬁl’z’_y 1 H';3,2L-2_1, M- (2 ) 2 5y -
F 2 L L (N+2) - L2 - (N+1)

It would thus appear that the type of branch points of which a structurc

ot
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is predominantlv comprised is a factor which does significantly affect the

incidence of depth.

It has been conjectured that the distribution of singls points be-
tween branch-origin segments and branch-branch segments may materially’arfect
the probability of depth. In accordance with this canjecture, it is believed
that the most favorable distribution consists of distributing single points
as unifoimly as possible between: branch-ogig:ln segments of the tree. Therefore,
one may conditionally regard the distritution of single points as a factor
affecting the incidence of depth,

As regards this third factor, it can be demonstrated that the f
distribution of single points between branch-branch segments of the structure
cannot be mde to differ .substantially from the distribution of single points
between branch-origin segments; so that it is impossible to distribute the
=ingle points in the ideal manner described above.. To illustrate this fact,
sonsider the functions Fp, (ci.WJ,Xk): Fon (cv“yxk)» Gppp (CysWysXy,, Y, ) and
Gopo (C4sWysX,sY)), where Fp, determines the mumber of branch pointe which have
exactly ;ane immediate predscessor that is an origin, F, determines the number
of branch points which have exactly one immediate predecessor that is a branch

point, GBBB determines the number of branch points whose two immediate
predecessors are branch points, and Gom determines the mmber of branch points:
whose two immediate predecessors are origins. It ¢an be proven that the
function corresponding to the number of branch points whose two immediate
predecessors dre a branch point and an origin is always mull for AFSAM 9

structures and therefore need not be considered, The functions Fm, Gomo®

—SECREET
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PBB’ and GBBB are expressed below in terms of the notch parameters

Cys "3' X, and !1, where ci corresponds to the number of blocks on L) "J
corresponds to the mmber of 010 configurations on W 5 xk corresponds to the
number of 101 configurations on Wi and Y, corresponds to the mmber of

000 configurations on Wy« In all of the following expressions Hoo 18 the
function corresponding to the number of 00 configurations in the dilated
output stream of W-3,

Foo * Hoo (X,(15-C,) Wg Xy Cg + X, G5 (15-Cg) Gy Og + €, (15-C;) Wy Wy Xg
+ 0y, Cg (15-Cg) Cy Xg # C) C5 (15-C¢) X, Cgy + X), Cy (15-C4) W, Wy
+ G, (15-0,) X Gy O + X, (15-05) X, C Wy + ©, (15-C5) O Xp O
+ W, W, (15-C¢) Xy X4 *+ C), w5 (15-C¢) Wy Xq ¢ W, (15-C5) Cq Cy Gy
+ Gy, (15-cs) Cg C, Xy} - Cop0

Gopo = Hoo {Xy, Yg Wg X; Xg + X, Wy Yo Wy Xg + Wy, Tg W W, X,
* Wy Wy Yo X, Xg ¢ W), Xy (15-Cg) X7 Wg + X, Xg (15-Co) W, Wy




Pp ° Hyy (X, G5 (15-C¢) X, Cg + C, X, (15-Cg) Cp Xy + W, (15-C5) Cg X, g
+ c& (15-05) Xg (:7 Ig + X, @15.(;5) Xg C7 Cg ¢ ck (15-05) G W,, Xg
/R (15-Gg) C, Cg + G, Gy (15-Cg) Wy Xq + X), g (15-Cg) Cp Wy

* Gy, Wy (15-C4) X, Cg + W, (15-0;) Cf C, Wy + C, (15-C,) W, X, Cy
+ ¢, (15-C5) G4 C, Cg + X, (15-C5) W W, Wy + 0, C; (15-8,) ¢, C,
W, W (15-Cg) W Wy} - Oy

Ggpp = Hoo (X Ws g X, Wg * W), T W X Wy 4 X T wéw,’wa +whw5 té"’r'a
+X, X (15-C,) X, Xg + W, (15-C5) x, X, %y + K (15-05) X, W, Xg

The function figg has not been explicitly formulated in terms of the
notch pattern perameters of W-1, W-2 and W-3; however, empirical study
strongly suggests timt My, is relatively independent of the patterns on
W=l and W-2 and is primerfly a function of the number of 00 configurations
in the pattern on W-3. In apy case, for any given set of patterns it is
easy to determine by actual count ¢he exact value of Hog e

A cursory examination of the functions Fm, FBB’ Gppps and Gom reveals -
that it is impossible to design a set of patterns for which Fm differs

appreciably from FBB and for which GBBB differs from GOHJ" Therefore the
ideal distribution of single points referred to above, vig, that no single

points occur between branch-branch segments of the structurs, is physically
umha.imble, and cannot even be approximated.,

-
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However, although the distribution of gingle points between branch-
branch segments cannot be made to differ radically from the distribution
of single poirnts between branch-origin segments, it is possible by
maximizing or minimizing Gom or GBBB to cause the number of branch points
having as their two immediate predecessors two branch points or two orgins
to vary over a consi'dera.ble range. It has already been demonstrated that,
for N (B) held constant, the incidence of depth is very much greater for
structures characterized by a type I limiting distribution than for those
characterized by a type II limiting distribution. Therefore, it would seem
quite logical to hypothesize that, with N (B) held constant, the incidence
of depth for a general structure (one that is comprised of a much greater
number of single points than of critical points) can be significantly
increased or decreased by increasing or decreasing the number of branch
points having as their two immediate predecessors two branch points.

If the aforementioned hypothesis is valid, it then follows that the
function GBBB is an important parameter affecting the incidence of depth.
To determine the statistical feasibility of the above hypothesis the following
test was made: Two sets of patterns were constructed so that the structure
generated by Pattern I was comprised of the same number of critical points,
viz., 48 percent - A9 percent saturation, as that generated by Pattern 1I.

Moreover, Pattern I was designed so as to make the function GB relatively

small, while Pattern II was designed to make G relatively large. Pattern I

BBB
and Pattern II are listed in Appendix C. Reference to the distribution in
Appendix B indicates that the probability of selecting at random a set of

patterns which generates a structure in which the critical points comprise

more than L9 percent saturation is less than 0.0002. Therefore, the
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parameter N (B) is very much larger for Patterns I and II than it would
ordinarily be for an operatinmal AF3AM 9 device. The actual value of N (B)
for Pattern I was 57,2L1,313,280 branch points and for Pattern II was

56, 862,000,000 branch points.

It will be recalled at thie point that the ¢ycle structure of the AFSAM 9
can be resolved into three pair-wise disjoint sets of structures C, (1=1,2,3)
and that each set C; can in turn be resolved into 36 pair-wise disjoint subsets
ci.a (1=1,2,3, J=0,1,2,....35)s It 18 easy to deduce that the number of
branch points is the same for each ons of the 108 sets of structures ci, 5
will in general differ for each C

However, the function GB The function

BB 1,3°

"00 will, of course, take on three values, i.e. & value for each of the three

sets of structures C, where O, -125 ci. f (1=1,2,3)« For both Pattern I and
=0

Pattern II, it was declded to confine observations to the class of structures

cl’o. For Pattern I, Hyn(C;) = 2625, Ggpg (c;) = 90,578,250 (0.47 percent of

all branch points in cl) and GBBB (01’0) = 2,529,630 0.L8 percent of all branch |
points in C) ;) For Fattern II, Ho (Cy) = 5195, Gy (C1) = 3,991,754,880
(21.06 percent of all branch points in Cy) «nd GQBB ((:.1’o = 110,911,080

(21.07 percent of all branch points in cl’o-)

The distribution of the j - statistic for a sample of size 20 was next

secured for the two sets of patterns, I and II, where in both cases observations
were limited to the set of structures °1,o‘ (The j - statistic has already
been defined in Part I as the number of messages that had to be sent in order
to insure that the jth message was the first one yielding depth with any

prior message.) These two distributions are given in Appendix D,

2l
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The means for the above two sample distrimution were now compared to
determine whether both distributions could have bedn drawn from the same
parent-populel.tion. Assuming that the two underlying distributions are normal
with identical varian;zes, one may test the hypotheeis that the two means are
equal by using "Student's".'t distribution.

The measuremsnt needed for testing the above hypothesis is computed from
the relation

% "\ 30 30
L=\ B7h = 21,8
The value of D, the difference between the two means, is 201.7 - 160.5,
or 41.2, This value of D is to be judged with reference to a hypothetical
value of zero., Accordingly for T (the discrepancy expressed ae¢ normal

deviate) we have

If the true value of D were zero, a discrepancy as great as this or greater
would occur as a result of chance more than § times out of 100 as a result of

random fluctuations of sampling, Therefore, even with a standard significance
of 1 out of 20, one cannot reject the hypothesis that the two sample

25
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distr but+ms of the statistic j could have been drawn from the same parent

popul,tiono

éowever, one cannot conclude on the basis of the results of the above
BBB
\ depthq For if the probability F (P) of & pair of messages/being in depth is
indeed a ;'unct.ion of N (B) and of Oppgs 1.0 P (P) -+E’(B), Ogpg} » then
the a?wu test simply provides empirical evidence to sSupport the statement that

test !hat the function G is not a parameter affecting the incidence of

1
1
i

REE)_ | NN 0

" %eeB N (B) = 48 percgnt saturation
It my very well be that if a similar test had been conducted for the case
where 'N (ﬁ} & 30 percent saturation

:grm might have assumed significant proportions..

There 18 no logical reason to assume that
F(P “@F(P .
g_(_)_ and SEHEL are l?nqar
" Tharefora pnother test to determine the effect of Gy ON the incidence of
depth 7rhen N (B) ~~Y 20 o 30 percent saturation hu' been conducted. In any
cass, pince for. N(B) mex, Gggg = O, it is apparent that if Oppp 16 a parameter
affeetkng the incidence of depth; it is not & very Mﬂant parametor when
N (B) » 48 percent saturetion.
Pattems IV and V the j-statistic was obteined., A sample size °‘.'
A0 was.uleélw:lt-h a 22.53| percent saturetion. The same theory that was used on

-* SECRET-
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pattern I and pattern II will bs used to obtain the following results in

the comparison of patterns IV and V

2 GT
o w2k, 5
D N N
L 5
2 2

_\Flzz.ms) + (142,452)

40
= \’ 884.690

= 29,74
The value of D is computed:

My ~ M, =279.93 - 206.75 = 73.18
thus:

1221228
From this T value one finds when compared with the normal curve or distribution,
that this value places us at the 2 percent level of confidence of approximation
of the normal curve, Since this sample of j-statistics so nearly fits the
normal one may conclude that with the larger sample and the cut to 22,53
percent saturation that this sample does come from the' parent population.

To provide some idea of just how sensitive a parameter N (B) is, a
ydistribution of J statistics for a sample of size 20 was obtained., This
distribution, iabeled distribution III, is given in Appendix D, Notch pattern
set ITI (listed in Apendix C) for which N (B) = 22.5.3 percent saturation, was

~1ssued \to obtain this distribution. It will be noted that the mean for

distribution 1I1I is significahtly greater than that for distributions I and II.
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A m;)re detailed analysis of the patterns I, ]I, IV, V appears in Agpgndix -E."
CONCLUSIONS :

Logical deduction supplemented in some instances by statistical in-
ference strongly suggests that when N (B) is relatively large, i.e. N (B) > 50
percent saturation, the only important parameter affecting the incidence of depth *

is N (B). However, it is quite probable that GBB becomes a significant

B
parameter when N (B) assumes values that are, in the probability sense, more
normal, viz. 15 percent - 30 percent saturation. Additional statistical tests
will have to be conducted before any conclusions can be made regarding this
last possibility.

Because the incidence of depth is so dependent upon the value of N (B), it
1s suggested that the AFSAM 9 be utilized in such a manner as will preclude the
possibility of N (B) ever exceeding, say 25 percent or 30 percent saturation.
This could be easily accomplished if it were not objectionable-to extend
further the definition of admissability for notch patterns. For éxample, we .
could defi;l; B.;l ad;\-;afu;ble waet" of pa:.:;z‘ns as one for whith N (B) <30
percent saturation for all possible subséts compriséd of-eight patterns.

Only sets of patternms which are’ adndssiblé in the above sensv would then be
distribited to each usér, so Ehat 1t woild be impossible for any uses 66
* select from his set of patterns a subset of eiéht patterns for 'whélch

N {B) > 30 percent saturation, ’

The above redefinition of admissibility wouild permit greater volime of
traffic flow and would thus increase the efficiency of the device, provided,
of course, that the security afforded by the AFSAM 9 is'a function of notch

pattern Adentification rather than of recovery.

1
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In this study no attempt was made to determine whether the incidence

of depth is appreciably greater when message starts are restricted by an
indicator system. The only data relevant to this question that are currently
available are the statistical pictures in Appendix A. If probability of

depth is not independent of the proposed indicator system, it would seem

logical to conjecture that the aligmnment of the alphabet ring with respect to the
notch pattern sequence is significantly affecting the incidence of depth.

To determine whether the alphabet ring alignment is a depth paramster,
the following test is proposed. For a suitable set of notch patterns two
distributions of a J ~ statistic are obtained. One distribution is obtained
for the case for which the alignment of the alphabet #ings minimizes the
number of indicator settings that are origins., The other distribution is
obtained for the case for which the alignment of the alphabet rings minimizes
the number of indicator settings that are origins, The mean of the two
distributions could then be compared to determine whether their difference
is significant.

Whether or not it will be necessary to undertake any investigations to
determine the degree of dependence of F (P) on the proposed indicator system
has not yet been determined.

1 "Some Genealogical Characteristics of the Cycle Structure of the
AFSAM 9 For a Particular Set of Notch Rings": R. P. Murphy and
Warren lLotz, C84.2

2 "Notch Rings Suitable for Use in AFSAM 7 and AFSAM 9":

Marguerite D. Newell, C90.0214




Robert P. Murphy
NSA=-314
March 1955

, This paper was in draft form when Mr., Murphy resigned, Its
preparation for publicaticn has been the result of a co-operative
offort of Marvin Bass, NSA-3lhk, Bernard Harris, NSA-314 and
Lt. William H. Cornelius, Jr., NSA-31k,
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In order to ascertain whether the clustering of message starts in
various parts of the cycle structure exhibit any "non-random" characteristics
when quasi-random or indicator starts are employed, a sample of 1,000 random,
1,000 quasi-random, and 1,000 indicator starts were obtained. These were
grouped according to points at which their successors entered a cycle. The
frequencies of each group are presented in Table I.

To test the hypothesis that these three samples may be regarded as three
samples from the same population, we construct the likelihood ratio test for
homogeneity of samples from a multinomial distribution.

Let x“ be the number of elements in the ith cell in the jth sample

(1=1,2,.000mpJ = 1,2, 000,5k)

Let ¢ =n;,and g n, =0
Ixymmye I

Forming the likelihood ratio, we get:
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'21°8>\= .Ilvc-_i)(m-].) =2§§xid(1og_%§i-log§jnn)

" We know that thie quantity is approximately distributed as li:dth
(k=1)(m-1) degrees of freedom. (logarithms are base &) “.

Applying the sbove test; we find >e<‘n 17.62, and we therefore n:‘:‘oopt
the null hypothesis at the .05 level of significance, \

In Table II, the average lengths of lead-ins to various cycle entry points
are shown., Due to the non-orthogonality of the data, a regression analysis
was not carried out at this time, Since the table euggeste that random ‘starts
my give rise to longer lead-ins, some analysis of this type will be onr;'iod
out at some future date. The data does mot suggest that results from the

quasdi-random starte would lead to less depth than the random starts,

ENTRY

1<

AC

FRBEBE

sidue




ENTRY RANDOM QUAST -RANDOM NDIGATOR
AA 311110 295353 272378
AB 384011 386665 373349
AC 183975 198623 177730
BA 289334 282557 283168
BB 316828 309518 300674
BC 200403 168741 185079
BD 21,0007 206810 228950
BE 323878 321169 346601

3




APPENDIX B

/
PERCENT / PROBABILITY OF SELECTING PERCENT PROBABILITY OF SELECTING
SATURATION A SET OF PATTERNS HAVING SATURATION A SET OF PATTERNS HAVING A
A HIGHER PERCENT SATURATION SAXGHER PERCENT SATURATION

00 1.000 0.221
01 0.177
02 A 0.141
03 0.109
0.085
0.065
0.048
0.035
0.025
0.019
0.014
0.010
0.007
0.005
0.004
0.003
0.002
0.002
0.001
0.001
0.001
0.001
0,001
0.001
0,000
0.000
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APPFNDIX C

A

SECRE

PATTERN II PATTERN II1

PATTERN 1

123L5678 12345678

123L5678

OrrrOO0FHOHHOOHOOHHMHOHOHO MO HHEHAOMOMNAAO
OCOMHAFMOOHMMHOOOHHOHOOHOMONMHMHMOMOHAAAHSD
COArHAFHOMAHAOCOHOOHOOOOHAOMAMAOOHMMAAAOAAAD
OrMrOO0OO0OFAAAMAAOHMAHOAHOONAFAOHHOOOAFAHANOOOO M
OCHOHFMHAHOFNOOAOOMHOOHMHOOCOHOOMMHOrMrrdde
HAAOOO0OOOMHAMOOCOAMMAHAFHOHMFANMOFRHHOHMd-OO0000
A A A AMHAOOOHAAHOHOHHOFHOAAHOMOHAMNOOO0OO~NO0O0
HOHOMOHOFAOMAMHOOODOFOHNHOOMHMAHOAOMHAMNOSMAOA

HOMOHOHOHOHOFHOHOFNOMHOFHOMOMMOMOMMMMAMMHO
HOFMOMOMHOHOFHOMHOHOHOMOHOHOMHOMHOHMMMHHMAMO
HOHOHOHOAHMAMNMHMAAMANRARARAA00000000000
AOHOMHOMOAMHMMAMAMAMRANHAMARAMMHNRNO0000000000
HOHOHNOMHOHOMOHOHOHOHOFHOHOHMHAHMAMRMAAHMNAHOOO
- -l HOOODOOOOFHHFAFAHODOOOOAFAAFAMAHFHOOODFHAFHASADODAD
A A O A AMNOOHNHOMOMHOHOHMHOMOHMHHROOOONOO
OFOMHMHAHMOMOOHOOHMHOOHHMHOOOFHOOFHMHMO ™~

MO0 HOODHHOCOMMHOFHAFAOMMOAMHOHFHHOHMOOAHOAD
HAHOOHMOODHHOOMMAMOMNAFHOHMOMMHOAFHOMA~AOHOHOAD
MNAOQOOHHOODOHMHOOFMAOMNHOAHOHAHOFMHOAFNODAOMOAD
HHOOHHOOMHHOOHMFHOOHMHOMHMAOMHOMMHMOMHFAOHNHMOMND
~AOOHHOOMHOOHHOHNHOMHMHOMHFHOAMMHOFAFNOMOHNOA0
HNOMOHOMHOHOHOHOHOHOMOMFMOHOHOAOHHAMNHEAMO
He el OHHAHFMOOOHHOFHOAMHOHOMAHOFHOAARHO0O000M00O
OFOHHEMEOHOOHOCONAFHOOHHAOCOOHOCOHHMOHHMMHM

ornmtrnoroeddNIININZIRAIQINENRRAANRAR
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PATTERN V

v
123L56'78

PATTERN

1R345678

~HHOOMAOOHHOODHHOHAHOHFHOMMOMFHOAMHOHOHO RO
110011001100110011001100111011101110
OO MAMAOOFHHAFMOOHMHFHOOMHEMOOHMHOOHMHOO MO
MHAOOOFHMHOOHHHOOMAMMHOOMMHMOOMMHOOMMODO HO
HAOOHMOOHFHOOMMHOOHMOOMMHOOMMHMONMMOMHHO
AONOHOMOMOHOFOMOFHOMOMFMOMOHOMOHMHMHMHAHMAO
HEAAOMAMNMAMOOFMFMOFOMAOHOFHAMOHOHAHANHOODOOHOO
OriDHEHMHOFMOOHOODHMHOOMHENMOOOHOO MMM O i ri rd vl ol

HOAHONODMOHOMNOFHOHOFHHMHOHOAHMFHMFRHAHAHAAAO000
HOAFONMOMOMOHOHOHOFMAAMAMAMMAMRMAMHHNOO00000
HOHOMOHOHOFMOFOHMHMHHAMFMMARMMAAMNSNHO0O0000000
HOFHOMNOHOHMOMOMOMAMHMHMAMAFAAMMHARANO0O0000000

.o...o.l_01010101010101111111111111000oooo

HeArAANOHOOOMHHMHOOOOOHMHHHMHOOOHMHMNMHOAHO
HAFHOMAMMOODOHFHOFHOHHOMOHHOFHOHAHHNHOOOOANOO
PrHOMAMMOAOOHOOAMHOOHHMOOOMOOMrriO rlri i el vl

oramntnotw el HARENIN3ARdNQIOYRIRRANRENR

(Both patterns have the same saturation as pattern 3, viz 22.53 percent)
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(j - statistics for messages of length 5000)

DISTRIBUTION I DISTRIBUTION II DISTRIBUTION II
1 23 230 197
2 203 199 381
3 189 154 355
L 305 283 187
5 69 118 314
6 150 237 209
7 283 75 263
8 220 214 355
9 138 144 115
. 10 182 146 350
n 3 151 214
12 108 105 126
13 182 132 290
1L 365 20 207
15 157 192 LOL
16 144 159 359
17 275 8s 261
18 231 126 27
19 209 379 383
20 229 106 2
21 299 187 5592
- 22 228 L8
23 9 162
2l 156 211
25 176 174
26 24, 364
27 136 122
28 118 61
29 A3h 58
30 173
050 k815
J = 201.67 J = 160.50 3 = 279.6

o= 85,28 o= 83,37 o = 101.8




APPENDIX D

DISTRIBUTION IV DISTRIBUTION ¥
1 113 303
2 310 138
3 90 390
L 3Ll 59
5 173 174
6 60 99
7 252 521
8 536 355
9 155 150
10 56 273
11 273 116
12 83 50
13 106 364
L 29 208
15 291 250
16 109 296
17 161 606
18 122 286
19 157 83
20 221 304
21 200 . 559
22 7 199
23 361 38
2, 271 30L
25 212 459
2 207 29
27 13 L8
28 208 378
29 185 38L
30 1i0 98
31 17¢ 262
32 82 278
33 53 260
35 358 336
35 183 348
36 23 439
37 W6 256
38 166 kL9
39 380 470
O 151 342
d- 206-75 j = 279.925
¢ = 122,7575 o = 142,542

—SHCREET—
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SUMMARY AND RESULTS

I. The four sets of observations Jy3, J12s,921, J22 Were plotted on
probability paper. No severedeviations from normality were noted. Jll
corresponds to pattern I, le to pattern 11, J21 to pattern IV, and Jjp
to pattern V,

II Sample means and sample variances were computed. The fact that
the four sets of observations are heteroscedastic was noted and verified bty
Bartlett's Test establishing significancq at the 1 percent level,

III An analysis of variance was carried out by inverse weighting of
variances per Theorem of David and Neyman ("Extension of the Markoff Theorem
on Least Squares," Statistical Research Memoirs., 2: 105-116 (1938)).

Let Hoilf11 =A12 ~M 21 22

In accordance with the linear hypothesis write :

Y A48y * ¥y* Eqg

and
Ay MB+ Yy

Ho is thenﬁi = yj = 0,

ﬁi 1s the effect of saturation level, o,

1 is the effect of the branching pattern

within saturation level.

8”1‘ is the residual error; furthermore, E 13k is N (0,02”). For con=
venience let £3, = 0, I Yi = 0. Let 0”2. 02/“15 vhere W, y are weights used
to correct for hetsroscedasticaty: Designate sample estimates of

A3 fB1, ¥y oy by M by €, 8. Tby =K Cy=0

In-the Neyman-David Theorem, the W“ are known ccnstants. In the problem,

they were derived from the data, a procedure which will tend to weaken the
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glgnificance level of the test somewhat. In view of the large number of degrees
2

of freedom for estimation of each “iJ’ it is felt that this will not be too serious,

A) To determine'ithe effect of {fand redustion of the total sum of Bquares
urnder the null hypothesis.

Compute the least squares estimate of 4/

2
SSE = W,, (Yia - M)
1y 13 Tk
SSM = TSS - SSE TSS = £ Wyy Yo
1 19 T4
%S_lsi'g "2 Wy (g -M) =0

' 13k
L WygYyy =MZ N W
R It R Rt

Ny 3 is the number of observations in group J:l:)

L Wiy Yy,
y 1k

Z Nya W
5 M Y
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[

2
SSE = ¢ Wy, (Y - M)
13k 1y Mk

2
=F W Y -2 M Wis Y
19 1 iJk 1§k 13 MJk + M fd Nij Wiy

2
= LWy Yoqe =M [2EW, . Yy =M N, W ;
13K 13 *1Jk Ldk 1) ik i3 13 "1

T

I NyqW
1y 13713

Since M =

2 ?
SEE = L Wyy Y, -M[2L W, - g
At Y 35 13 Tk W

2
oL WY
g 19 T4k T -¥ 15 M3 "1

2
M
S5M ¥ fJ "13 "1.1
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This gives the partition of the sum of squares under the umu‘l.

hypothesis. Any effect dus to ﬂ and Ymst provide a further re=-

duction of S3E. Since the date is non-orthogonal we can not estimate

. I
parameters separately but must repeat, the entire process of obtaln sfml<
taneous estimates.

tet 1y = §y = O
than-Mm '/(1’ /&L"t}(zz°/(2

and Yy g =S4 /gi * E1gx

-

i
W by = Ay \
1
SE) = £ W,, (T, - M' = by)°
1k 19 g :
i
aSSE' ‘2 [ ]
==25 w,, (Y -M -b) =0 !
-3y 13k 1} i3k i =
%ssn'
=28 W, (T =M =b,) =0
by s 49 Agk 1
£

aM' T Wea Nga * 2 HeaWea Pg
1,3,kw“ T4k Hif:) 15 743 g%y Ty 1.1'

o MO by £ W
afk Wyg Yape =M B Ryy Wy * By S0y Wy
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Sineeb}--blbyvirtw ofzbi-o

1,11: 13 .1

Jk J

Solution of this set of equations provides the estimates bys by, M

for ﬁl’ 52 M

¥
{

2
SSE' @« ¢ Wiy (Yiq0 =M =D
13k :lj(iJk 3)

= "n
SSE! 1§kwu( 15k 1)

AR

2 A
=g W, (Tyqe =27 ¢
s e Tk 1pca *M1)

2

SSE! = £ W -2c W, Y /.("”,-uwﬁa
13 4 T 5k gk 19 L9k Ng Tyrg Tag TAg M,

A 2
SSE' = 783 - 2 Wyy Yyy Ayt 2 NV M

13k 1,J
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SO

S

SSE - SSE! is the reduction in sum of squares due to the introduction
of bi'

p » Beduction
SSB' /N

srror may be used to test the hypothesis ﬂ " 0. -
Now consider Hy:Yj 5 =/(+ ﬂi ¢ 73 +€ 13k
where ﬂ 1 not all zero and U J not all gero.

vhere Ny is the number of degrees of freedom due to

As before, compute the least squares estimates and the partition of

the sum of squares.

2
SSE" w g "1.1 (Yidk "" MY - bi"' cd’

13k
[}
St - - 2,7 Wy (T =W =By = Cy) =0
t
Qeser | .t |
Q ssgn

Doy, k" Cage M oh =0y =0

» Nia ® w..0
RAL TR ML, Wyg Wag %y Way ey Ba %0, Moy Way O




T W,,.Y =M' P W, N +b' Iw "1"1"1 "1 c
g 13 72 T T Nag Ty ¥y Mg Bay B TS Ty By

L Wy, T ~M" L Wog Mgyt ZWyy Ny by ¢ Cy FWyy Ny
i,k i i

Since bj ™ - b'y

and 02=—01

We get:
Y, ,, =M z N + b z(w
R R TR T TR SR T Thy

* Gy I (Mg Wyy = Nip W)

MW, N, +D

- IW,, N (N
Jfkwii T4 gk PRSI BN RPN+ 13 * G By ¥y -

1?1: Wiy Ty = M fwid Nyg # bty (Wyy Ny = Woy N,) o c, ‘1”'1.1 My

The solution of these equations may be obtained using conventional
matrix methods (e.g. Gauss - Doolittle, Crout, etc.),

The reduction im sum of squares due to' error is obtained as follows:
]

SSE" = T Wy (Tyg - M"-D!y -C )
13k




Designate M" + b?, * CJ byj@ij

2
SSE* = LY (Yy 4 = A, )

13k 13

A R
SSE" = TSS - 2% W Y ¢+ T N W
11k ij 13k ij 13 1§ 13 i

SSE! -~ SSE® 'is the additional reduction in sums of squares dus to
error obtained by -introducing C 3°

.o 2Reduction . - -0
Fom Sy et o et the brpothanto Y | = 0.
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ANALYSIS OF VARIANCE

Due to d.f. 8.8.
Total Sum of Squares 140 b 6,760,514.731
M 1 5.&2.122.502
SSE 139 1,551,362.229
Reduction due to by 1 6, 1,91 . 8¢
SSE! 138 1,454, %’2;0.382
2

Reduction due to C 3 1 »
SSEt 137 1,367,518.195
* gignificant at .01 level,

The hypothesis HytMqq = A 12 = Mz = Moo i then rejected at the
0L level and the "F-test" indicates a significant effect due to both

saturation level and branching pattern for thess four sets of observations,
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SUMMARY OF COMPUTATIONS
n 12 Iz I22 Total

LYy L,815 6,050 8,270 11,197 30,332
2
£ Yy 974,353 1,430,970 2,312,602 3,947,049 8,664,974
J
1.439 1.375 6LT 480

30 30 Lo kO 150

Wiy Nyy 43.170 11.250 25,880 19.200 129.500

T Wy, Yijk 6,928.785 8,318.750 5,350,690 5,374.560 25,972.785
2

£ Wy Tiyk 1,402,093.967 1,967,583.750 1,496,253.L9% 1,894,583.520 6,760, 514.731

200,562
209.265
- 28.650 28,650
180.615 237.915
211 .494 *

-30 . 286 30 . 286

~26.076 26 .076
A
A 155.132 207.284 215.70L
1“1.1 Wig ¥y 66970080 8550165 5582, 41952 81428352

267.856




SSE 1,551,362.229
8SM 5,209,152,502
SSE' 1,454,870.382
SEE" 1,367,518.195




201, 545450
210, 866.50
602,779.50
812,672.79
1,827,864.29

BARTLETT'S TEST

si/Ni log 31/"1 N:l. log 31/“_2
\

29  6949.8k B.84806  256.5937h
29  T271.26 8.89467 . 257.945L3
39 15455.88 9.6L750  376.25250
39 20837.76 9.94633  387.90687
N =13 13440.18 9.50771 1293,0L856

S
N]_og%- z iy 1og-i-1e.

bd 1293 oOhB56 - 1218.6985'&
= 14.35002

2 2

c-1+3Ghe -
* = (,121786 - .007353)
= 1 + ,01907 = 1,01907
M = 14.0815
M is gignificant at .0l level.




