Title: Ratios, Fibonacci, Golden Ratio — There’s the Problem!

Brief Overview:

This content unit will enable students to interpret real life problems in
mathematical terms and connect mathematical ideas. It will allow students to
develop an understanding of ratio by exploring the Fibonacci Sequence and the
Golden Ratio.

NCTM Content Standard/National Science Education Standard:

Problem Solving - Build new mathematical knowledge through problem solving
and apply and adapt a variety of appropriate strategies to solve problems.

Reasoning — Select and use various types of reasoning and methods of proof.
Connections — Recognize and make connections between mathematical ideas;
Understand how mathematical ideas interconnect and build on one another to
produce a coherent whole; Recognize and apply mathematics in contexts outside
of mathematics.

Algebra — Understand patterns, relations, and functions; Use mathematical models
to represent and understand quantitative relationships; Analyze change in various
contexts.

Geometry — Analyze characteristics and properties of two/three dimensional
geometric shapes and develop mathematical arguments about geometric
relationships; Use visualization, spatial reasoning, and geometric modeling to
solve problems.

Measurement — Understand measurable attributes of objects; Apply appropriate
techniques and tools to determine measurement.

Number and Operations — Understand ways of representing numbers and
relationships among numbers; Compute fluently and make reasonable estimates
Grade/Level:
6" — 8" Grade
Duration/Length:

Three to Four lessons / 45 minute lessons



Student Outcomes:

*The numbers below refer to the Maryland Voluntary Curriculum reference

numbers.
Example: 1.8.1.A means Standard one (Algebra), grade 8, concept 1, sub-
concept A.

Students will:

18.1.A Identify, describe, extend, and create patterns

2.7.1.A Analyze the properties of plane geometric figures

2.6/7.1ab.C Represent plane geometric figures; Identify, describe, and draw
geometric figures using a variety of tools

2.7/8.1a.D  Apply the properties of congruent/similar polygons; Determine the
congruent parts of polygons

3.6.1a.B Measure in customary and metric units

3.7.2ab.C  Use a polygon with no more than eight sides using whole numbers;
Use proportional reasoning to solve measurement problems

Materials and Resources:

Metric rulers

Tape measure

Compass

Calculator

Patty Paper

Colored Pencil

Student and Teacher Resources



Development/Procedures:

Lesson 1

Preassessment — What criteria do students use to make comparisons? Hand out Student
Resource 1 (Line-Up Prompt) containing the following prompt: “Our
class needs to line up for pictures. We are required to line up by height -
shortest to tallest. Describe how you would decide your place in line.” Use
Teacher Resource 1A (Scoring Rubric for Line-up Prompt) to evaluate
students’ thinking. Record the scores on Teacher Resource 1B (Teacher
Scoring Sheet for Line-up Prompt).

Launch — Hold a brief discussion of how the line-up might be accomplished. Allow time
for students to try approaches. This should be accomplished with no
talking. Students may use hand signals or other appropriate body
language to communicate with each other. Ask students whether their
actions showed that all class members understood the task. Also, discuss
what strategies students employed to get into line, and whether the
demonstration showed that all strategies worked. Teacher should
summarize by making the point that problems have to be understood and
solutions to problems have to make sense.

Teacher Facilitation — Place the word RATIO on the board. Ask students to think about
the demonstration they just completed. How do we compare height?
Students may provide general answers such as bigger and smaller. How
can we compare more than that? Expand thinking by noting that two
students might only be one inch apart in height, but if we were to compare
more than two students, how would we quantify the differences? How do
we express these differences mathematically? Students may respond with
a measurement like a five-inch difference between shortest and tallest or
they might express their ideas with a percent. At this point, be open to
various responses.

Student Application — Students will complete a measurement investigation to look at the
ratios of body parts. Hand out Student Resource 2 (What’s Your Ratio?).
Explain that they will measure parts of their hands and arms, record their
data in the table, and then use the table to evaluate their information. To
complete the table, ratios will be converted from fractions to decimals. By
completing the entire page, using logical reasoning and looking for
patterns, students should conclude that the given ratios come close to 1.6.
Note: given differences in individual body ratios and the difficulty of
getting precise measurements the ratios will vary somewhat. Using class
averages may make the ratios more consistent. Bending the fingers and
wrist and elbow makes it easier to see the length of each segment.



Embedded Assessment — Students will turn in the completed worksheet. Teachers

Reteaching

Extension -

should evaluate the following items using Teacher Resource 2 Key
(What’s Your Ratio? ): completeness of table, including appropriately
labeled units; reasonableness of measurements and ratios; ability of
student to evaluate data using proportional reasoning.

= Ask students to look around the room. How many boys are there?
How many girls? Can we compare the number of boys to girls? How?

= Have students write this comparison on a piece of notebook paper in
the form: __ boysto __ girls.

= Ask students if they know any other way to express a comparison.

* Elicitorshare: __ boys. __ girls. Also, show the ratio in
fractional form and converting the fractional form into a decimal.

= Have students create and write down other ratios involving the
students in the room.

= Small group instruction

= |f time permits, extend learning for this group by asking a question
such as: The ratio of boys to girls in our class must always remain the
same. If the number of boys increased by 5 boys, what could we say
about the number of girls?

For those who have understood the original lesson, give them the
following prompt to complete while you work with the group needing re-
enforcement:

= Design an investigation showing a comparison (like the investigation
of the ratio of body parts). Students may choose any topic to compare.

At a later time, ask the students in this group to think back to the
investigation they designed. Were their ratios constant? Do all ratios
have to be constant or could they be unique for particular comparisons?

Lesson 2 : Fibonacci Sequences

Preassessment - In the beginning of the class, start with the definition of a sequence and

give them a few sequences as a warm up, always asking them:

1. What comes next in the sequence?
2. What rule does the sequence follow?
3. How do you know?

We can also discuss features of sequences such as:
" Do the numbers get larger or smaller?
" Does the gap between successive numbers change?



The sequences will be written on the board one at a time
and we will review them as a group.

Launch — Warm-up
Place the following sequences on the board one at a time:

Sequence What comes next? What is the rule? How do you know?
A.246810 _

B.2481632

Allow time for students to figure out what comes next and what is the
sequence rule. Ask them how they know.

Briefly review and discuss their ideas. Did anyone think of a different
rule? What is the ratio between subsequent numbers? Is the ratio the same
throughout the sequence or does it vary? Note: Only the doubling
sequence (B) will have a constant ratio throughout the series.

Teacher Facilitation - Introduction to Fibonacci Sequences.

Put the first three numbers of the Fibonacci Sequence (11 2...) on the
board below Sequences A and B. Label it C. Let the students guess what
comes next and why. Then put up a few more numbers (1 1 2 3 5...).
and see if it matches their predictions and let them try again. Then look at
the ratios of adjacent numbers. Notice that the ratios converge to a
constant value (Phi) as one goes further in the sequence. Hand out
Student Resource 3 (Ratio of Adjacent Terms Chart). Students will
calculate the decimal values of the ratios for Sequences A,B, and C.

Student Application - In this activity the students will actually draw a representation of
the Fibonacci Sequence on grid paper (Student Resource 4). Starting in
the middle of the paper, they will outline with pencil two adjacent squares
on the grid each with a side length of 1 unit. These two squares become a
rectangle. Then they outline the edge of a square adjacent to the long side
of this rectangle that is 2 units on a side. Next, they outline a square on the
long side of the last rectangle with side equal to 2+1=3 units. This will
continue until they run out of room on the grid paper. Let the children
come to see on their own that by always putting a square on the long side
of the resulting rectangle, the pattern of the lengths is indeed the Fibonacci
sequence. See Teacher Resource 4A (Sample of grid with squares) for a
sample. While the students are working, walk around the room and look
over the students work, providing assistance as needed.



Extension - Have the students look over the drawing that they have made. Ask them
what they notice. Then ask them to imagine what it would look like if they
connected the diagonals of each square starting from number 1 and going
to 13 in order of their original construction. Ask for predictions. Then ask
them to draw, with a ruler, diagonals for each square in order and then tell
what sort of shape it makes. How did their ideas match predictions?
Teacher Resource 4B (Sample of completed grid with diagonals) models
this procedure. At the end this lesson, collect the drawings.

Embedded Assessment — Look at the students’ collected work. Check to make sure that
they followed instructions and that there diagonals form a spiral

Lesson 3  Putting it all together

Preassessment - As a warm up, students will be given a handout with a large, regular
pentagon on it (Student Resource 5 — Large Pentagon). Students will label
each vertex A through E beginning at the top. Then they will draw a
diagonal, measure the length of the diagonal and the side AB, and then
take the ratio of AC to AB. Draw all remaining diagonals. This will
create a new pentagon in the center.

Launch - Encourage the students to reflect back on what has been done. Each day they
have compared measurements with ratios, both as fractions and as decimal
numbers. Do they notice any commonalities? Do they remember some of
the ratios that they worked with? Can they compare them?

Teacher Facilitation - The teacher can now bring back ratios from Lesson 1 and Lesson
2 and this lesson. When the class comes to the realization that in these
diverse situations we keep coming back to the same ratio, we can give ita
name, the Golden Ratio.

Student Application — Ask students to continue drawing the remaining diagonals. How
many diagonals are there? What do they observe? They may see a five
pointed star with a new pentagon within it. This would be similar to
pentagon ABCDE. Label the new pentagon FGHIJ and draw diagonal GI.
Hand out four sheets of patty paper to each group. Instruct students to
trace and label diagonal AC, side AB, diagonal Gl, and side GH. Add AB
to Gl and then place over AC. Students should discover that AB + Gl =
AC. Next, add Gl to GH and then place over AB. Again, students will
see that GI + GH = AB. Summing up: If there are two line segments x

and y such that X _X*Y then the ratio of their lengths is the Golden

y X
Ratio.



Embedded Assessment — Observe whether or not students understand and can explain
that the longer segment is equal to the sum of the two shorter segments.

Reteaching/Extension — Continue drawing diagonals to make smaller pentagons.
Review and extend the pattern. Ask the students how far this pattern of
smaller and smaller pentagons would continue.

Summative Assessmet — Students will complete the Summative Assessment (Student
Resource 7). Part 1 of the assessment is a matching vocabulary test. The questions in
Part 2 are short answer questions. Part 3 asks the students to write an essay (1-3
paragraphs) on their favorite part of this investigation.

Authors:
Kathleen Breen Babette Margolies
Waldorf School of Baltimore North Chevy Chase Elementary School

Baltimore City Montgomery County



Student Resource Sheet 1

Our class needs to line up for pictures. We are
required to line up by height - shortest to tallest.
Describe how you would decide your place in line.




Teacher Resource Sheet 1A

Scoring Rubric for Line-up Prompt

3 Students’ response demonstrates a complete understanding and analysis of the
problem.

e Explanation shows complete understanding of the problem.

e Explanation includes a reasonable strategy appropriate to the context of the
problem.

e Student explicitly states how to make a comparison of three or more heights.

e Student provides extensions including examples.

2 Students’ response demonstrates a general understanding and analysis of the
problem.

Explanation shows complete understanding of the problem.
Explanation includes a reasonable strategy for solving the problem.
Student demonstrates knowledge of how to make a comparison.
Student provides at least one extension or example.

1 Students’ response demonstrates a minimal understanding and analysis of the
problem.

Explanation indicates little understanding of the problem.

Explanation includes a partial or overly general application of a strategy.
Student demonstrates little knowledge of how to make a comparison.
No supporting information is provided

0 Students’ response is incorrect, irrelevant to the problem, or missing.

e Explanation indicates no understanding of the problem.
e Explanation does not include a strategy for solving the problem.
e There is no indication that the student understands how to make a comparison.



Teacher Resource Sheet 1B

Teacher Scoring Sheet for Line-up Prompt

NAME

#

COMMENTS




Student Resource Sheet 2

What’s my ratio?
Body part measurement table

Measurement (mm)

Ratio (fraction)

Ratio (decimal)

A) fingertip B/A=

B) finger middle section C/B=

C) finger base section (B+C)/C=

D) total finger length FIE=

E) hand (E+F)/F=
(wrist to finger tip)

F) forearm

(elbow to wrist)




Teacher Resource Sheet 2

Body part measurement table

What’s my ratio?

Measurement (mm)

Ratio (fraction)

Ratio (decimal)

A) fingertip 20 mm B/A=30/20 1.5

B) finger middle section 30 mm C/B=50/30 1.7

C) finger base section 50 mm (B+C)/C=80/50 1.6

D) total finger length 100 mm | F/E=270/170 1.6

E) hand 170 mm | (F+E)/F=440/270 1.6
(wrist to finger tip)

F) forearm 270 mm

(elbow to wrist)

These are approximate values. Actual measurements will vary.




Student Resource Sheet 3

Ratios of Adjacent Terms

Sequence A Sequence B Sequence C
4/2= 4/2= 1/1=
6/8= 8/4= 2/1=
8/6= 16/8= 3/2=

10/8= 32/16= 5/3=
12/10= 64/32= 13/8=
21/13=

34/21=

55/34=

89/55=




Teacher Resource - 3

Ratios of Adjacent Terms

Sequence A Sequence B Sequence C
4/2=2.000 4/2=2.000 1/1=1.000
6/4=1.500 8/4=2.000 2/1=2.000
8/6=1.333 16/8=2.000 3/2=1.500

10/8=1.250 32/16=2.000 5/3=1.667
12/10=1.200 64/32=2.000 13/8=1.625
21/13=1.615

34/21=1.619

55/34=1.618

89/55=1.618




Student Resource Sheet 4

Grid Paper




Teacher Resource Sheet 4A

Grid With Squares




Teacher Resource 4B

Drawing Diagonals




Student Resource Sheet 5

Large Pentagon




Teacher resource 5A

Large Pentagon With One Diagonal




Teacher Resource Sheet 5B

Pentagon With Diagonals 1

A




Teacher Resource Sheet 5C

Pentagon With Diagonals 2




Pentagon Measurement Table

Student Resource Sheet 6

Line name | Length Ratio Ratio
(mm) fraction decimal
Diagonal AC/AB =
AC
Side AB/GI =
AB
GI/GH =
Diagonal Gl
Side

GH




Teacher Resource Sheet 6

Pentagon Measurement Table

Line name | Length Ratio Ratio
(mm) fraction decimal

Diagonal 131 AC/AB = |1.617

AC 131/81

Side 81 AB/GI = [1.620

AB 81/50

Diagonal GI| 50 GI/GH = |1.613
50/31

Side 31

GH




Name

Date

Part 1 Vocabulary

Student Resource Sheet 7

Summative Assessment

Write the matching letter next to the appropriate letter.

1. polygon

a. a five sided polygon

2. pentagon

b.1,1,2,3,5...

3. fibonacci sequence

c. a line segment joining non-adjacent
vertices

4. ratio

d. a comparison of 2 whole numbers by
division

5. proportion

e. figures having the same shape but not
necessarily the same size

6. diagonal

f. an equation that states that two ratios are
equivalent

7. golden ratio

g. figures having the same size and shape

8. vertex

h. the point where two line segments come
together

9. similar polygons

h. the ratio of the lengths of the diagonal to
the side of a regular pentagon

10. congruent polygons

i. a 2-dimensional simple closed figure
made entirely of line segments

Part 2. Short Answer

Part 3. Essay (1-3 paragraphs)

1. List some of the ways in which we found the golden ratio.

2. Give an approximate value for the golden ratio.

Describe the portion of this investigation that you liked best.




Name

Date

Teacher Resource Sheet 7
Answer Key

Part 1 Vocabulary

Summative Assessment

Matching Key 1j, 2a, 3b, 4d, 5f, 6¢c, 71, 8h, 9¢e, 10g

1. polygon

a. a five sided polygon

2. pentagon

b.1,1,2,35...

3. fibonacci sequence

c. a line segment joining non-adjacent
vertices

4. ratio

d. a comparison of two whole numbers by
division

5. proportion

e. figures having the same shape but not
necessarily the same size

6. diagonal

f. an equation that states that two ratios are
equivalent

7. golden ratio

g. figures having the same size and shape

8. vertex

h. the point where two line segments come
together

9. similar polygons

i. the ratio of the lengths of the diagonal to
the side of a regular pentagon

10. congruent polygons

j. a 2-dimensional simple closed figure
made entirely of line segments

Part 2. Short Answer

1. (The golden ratio was found in the
ratio of body parts, the ratio of
higher terms in the Fibonacci
sequence converges to phi, and the
ratio of the diagonal to the side of a
regular pentagon is also phi.)

2. (phi is approximately 1.618)

Part 3. Essay (Student answers will vary) Look for details and for making connections.
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