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This paper explains and illustrates the concept of an abstract group.
It shows how such a group can be defined in terms of conditions satisfied
by a set of generating operations. The enumerative method of determin-
ing the order of a group defined in such a way can be made automatic.

" A few months ago, we had the privilege in the CMI of hearing a
talk by Professor Albert on “Groups with two Generators.” This
talk aroused in me memories of the early 30’s when I was a graduate
student, and of the years immediately following, when I did some
research in the general field of defining groups in terms.of generating
operations. My doctorate thesis had concerned a problem in this .
area and I published some papers on the subject in the middle and
late 30’s. 1 was stimulated by Professor Albert’s talk to address the
Institute on some phase of this same general problem. And yet I
was somewhat hesitant to do so, because I could not think of any
application of this subject to cryptology. In fact, there are very few
instances of any general applicability of abstract group theory to our
field of effort. Some studies have been made of problems in the theory
of wired rotors, using group theoretic concepts, but they have pro-
duced no cryptanalytically significant results. '

The most interesting application of group theory that I can recall
was one .which utilized to advantage the notation of group theory
rather than techniques therefrom. It was a method for solving
double transpositions which was developed in the Signal Intelligence
Service in the early 30’s. Its importance stemmed from the fact that
soon after the method had been worked out we had occasion to apply.
it against a double transposition system being used by rum runners on
the West Coast. The system was one which used the same colum-
nar transposition key twice. The text was sent in four-letter groups.
To ensure that the cipher had four letters in every group, the last
| group was filled out with X’s before transposition. We were enabled
i by.this fact alone to solve the system. The method of solution de-
pended on guessing correctly the location in the original message of
some of the cipher letters, and the X’s used as nulls obviously had to
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usually smaller than the group itself. In the event that the com-
mutator subgroup is identical with the group itself, the groupis called
a perfect group. It can be shown that if p is one more than a multiple
of 6, then the group

S = Uz = (SU)?» =FE
is perfect. This suggested a study of the case p = 7.
The prbblem now ig to determine the order of the group
23817 9.

This study was initiated by Brahana of Illinois with these results:

g = 2 no group is possible. (This means that the relations
(2, 3, 7; . 2) involve a contradiction. They are not
compatible with one another.) '

g = 3 no group '

g = 4 G is of order 168

g =5 no group

q=640G 1s of order 1092.

I was able to prove in a later paper that when ¢ = 7, G is of order

1092, and is the same group as is defined by ¢ = 6. But the case
= 8 proved a hurdle.

It is not yet known whether
@2,3,7 8)
is finite. What I have proved is that the appending of a fifth restriction
defines the perfect group of order 10,752, and that the five conditions
are probably independent. It can also probably be said that any
value of g (the order of the commutator) at least equal to 8 is in-

adequate to define a finite group without appending at least fifth
condition.

One might conclude from this that any group larger than 10,752
requires at least five defining relations, but that is not so. It is possible
to devise more powerful defining relations than the order of the commu-
tator but they may become very involved. For example, one very
powerful condition is the order of @2P% where

@ = STSTS
P =T18",
I have been able to prove that with only four conditions
(27 3: 7) (szb)b = E
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we can generate a group of order 12,180. A consequence of these four

" conditions is that the order of the commutator is 14.

But the four relations
(2,3,7, 14)

are not suflicient to define this same group. At least a fifth restriction
would have to be introduced if we started with this type of definition.

The problem of determining the size of a group, as its definition
involves additional conditions on the generators, is thus seen to in-
crease rapidly in complexity. As a result, the number of groups for
which abstract definitions are known is relatively small. A remark-
able feature of the results already obtained is the extreme simplicity
of such definitions in the case of several groups of quite high order.
A small number of conditions gives a complete definition for groups of
relatively very large size. This fact constitutes an additional in-
centive to the search for abstract definitions and many elegant results
have doubtless yet to be discovered..

The method of enumeration which has been discussed is of general
application and has been the method most commonly employed.
Its success has however been limited, for in all but the simplest cases
it has involved considerable manipulative ingenuity, and for many
groups of even moderately high order, the length of the necessary
calculations makes the method impracticable.

I come now to the main concept of my talk. I propose to show
how such calculations can be dispensed with entirely, and the method
can be reduced to a purely mechanical process independent of any
real appreciation of group theory.

Take first the case of the group of order 6 which we used as our
example of a group at the beginning of the talk. It is defined by

S =02 = (SU): =E
We set up a box for each of these defining relations and represent the

identity by the number 1.
The operation S on 1 will be called 2. S on 2 will be called 3.

S S S Uuvu. SU SU

R
11231

Since S8 = 1, S on 3 must produce 1. In general, in each of these
boxes the last entry of any row will be equal to the number to the left
of the row.

11 UNCLASSIFIED
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Now, let Uon 1 becalled 4. Then Uon4is 1. An improvement on this method can be effected by carrying out

this enumeration on co-sets rather than on single operations. For
SRR vy SUsSvY : example, let us designate by 1, in this mechanical process, all the
1123 1—\ 11411 } powers of S, so that 1 = E, S, S §°. Now consider the case
' 2,3, 4.

Proceed next to enter values into the third box.
S 8§ S Uuvu SUSU
10231

The steps of enumeration would proceed as shown below:
-§ S S8 S U uUvu SU SU

1141 1(2 4|1 1]11111231 111121311

olal | |

To the right S on 1 produces 2 and to the left U produces 1 from 4.
We can go no further until we introduce new elements.

To this end let S on 4 give 5 and S on 5 give 6. Then since S

produces 4 from 6, we can fill in the first line of the third box and
deduce that U on 2 gives 6. Put this into box 2.

S S S Uu  SUSU
1(2(3](1 141 12641
4151614 21612 1]1]11]1)1 1121311 1/1/2]3(1

Now start with 2 outside box 3. S on 2 gives 3." U produces 2
from 6. S produces 6 from 5. Hence U on 3 gives 5.

N
w
-
o -
N
N
o
(=2}
'
w0
-~
(S,
\V]
w

SU SU 4|5(6(6|4
and finally
2131562 8§ § S S8 UUvU SU SU
' llillhll 112(3(1 1112131
Adding this to the U box, and continuing in this way the hoxes fill in !
completely as follows: ' _ 2,3/4|5 2 41564 31415123
S 8 S - Uvu SUSsU cleleie|s ' 4/5|6|6|4
11231 1741 1121641 Sin’ce S is of order 4, the group is 6 times as large or 24.
4156 4 262 213|5(6|2 | 1=8
T T _ - ) _ 2 =SU
3153 311415 3 3 =802
’ : 4 =SS = SUS
The order of the group is thus seen to be 6. This scheme is clearly ‘ 5 = §US? = S*USU
applicable to situations involving more than two generators and any 6 = SUS U '
number of defining relations. _ e
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